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Wind is one of the most promising sources of alternative energy. The construction of wind farms is
destined to grow in the U.S., possibly twenty-fold by the year 2030. To maximize the wind energy
capture, this paper presents a model for wind turbine placement based on the wind distribution. The
model considers wake loss, which can be calculated based on wind turbine locations, and wind direction.
Since the turbine layout design is a constrained optimization problem, for ease of solving it, the
constraints are transformed into a second objective function. Then a multi-objective evolutionary
strategy algorithm is developed to solve the transformed bi-criteria optimization problem, which
maximizes the expected energy output, as well as minimizes the constraint violations. The presented
model is illustrated with examples as well as an industrial application.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The wind energy market is rapidly expanding worldwide [1].
This rapid growth of the wind energy industry has led to cost
reduction challenges. There are various ways of reducing the cost of
producing wind power: for example, the site selection, site layout
design, predictive maintenance, and optimal control system design
[13]. The wind farm layout design is an important component of
ensuring the profitability of a wind farm project. An inadequate
wind farm layout design would lead to lower than expected wind
power capture, increased maintenance costs, and so on. Equation
(1) captures the cost of energy (COE) [12]

COE ¼ CI � FCRþ CR

AEP
þ CO&M (1)

where CI is the initial capital cost ($) of the wind farm; FCR is the
fixed charge rate (%/year); CR is the levelized replacement cost
($/year); CO&M is the cost of maintenance and operations ($/kWh);
AEP is the annual energy production (kWh/year)

Note that at the design stage, AEP is the expected (planned) wind
energy production. The annual energy production AEP is affected by
the turbine availability, i.e., the number of operational hours in a year.
Maximizing the AEP is an effective approach for reducing the cost of
energy production. In this paper, AEP is improved by optimizing the
wind farm layout design, specifically minimizing the wake loss.
siak).

All rights reserved.
Wind farm layout has been addressed in the literature [4,6,9,17].
Grady et al. [4] and Mosetti et al. [9] used a genetic algorithm to
minimize a weighted sum of wind energy and turbine costs. The
wind farm is divided into a square grid to facilitate the encoding of
a 0–1 type solution. Lackner and Elkinton [6] presented a general
framework to optimize the offshore wind turbine layout. Details of
how to solve the optimization problem are neither discussed in ref.
[6], nor any other wind farm layout design tools, such as WASP [18].
Castro Mora et al. [17] also used a genetic algorithm to maximize an
economic function, which is related to turbine parameters and
locations. Similarly in ref. [17], the wind farm is represented with
a square grid. One of the shortcomings of the approach presented in
[17] was that wake loss was not considered. In ref. [4,9], the wind
energy calculation is not based on the power curve function, and
wind direction was not fully discussed in their optimization models.
This paper extends the approach of [6] by developing specific
mathematical models to calculate the wake loss based on turbine
locations. Solution of the constrained optimization problem is fully
discussed with a double-objective evolutionary strategy algorithm,
which can be easily extended by considering additional constraints.

2. Problem formulation and methodology

Modeling the wind farm layout design problem calls for assump-
tions. However, the assumptions made in this paper are acceptable in
industrial applications and they could be modified or even removed,
if necessary.

Assumption 1. For a wind farm project, the number of wind
turbines N is fixed and known before the farm is constructed.

mailto:andrew-kusiak@uiowa.edu
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Fig. 1. Wind farm boundary and the definition of the wind speed direction.
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A typical wind farm project has its total capacity goal dictated by
various factors, e.g., finances and turbine availability. For example,
to achieve 150 MW (Mega Watt) capacity, a hundred 1.5 MW
turbines are needed.

Assumption 2. Wind turbine location is characterized by its two-
dimensional Cartesian coordinates (x,y), represented as a vector x of
the length

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. This assumption implies that the terrain has

relatively small variations of surface roughness. The optimal solu-
tion computed in this paper is represented by N Cartesian coordi-
nates (xi,yi), i¼ 1,.,N.

Assumption 3. The wind turbines considered for a wind farm are
homogenous, i.e., they all have the same power curve function
P¼ f(v), where v is the wind speed at the wind turbine rotor with
a fixed height, P is the turbine power output. The wind turbine
nacelle is usually controlled so that the rotor is oriented perpen-
dicularly to the wind direction. For ease of turbine operations and
maintenance, wind farm developers usually deal with one supplier
of wind turbines delivering one turbine type.

Assumption 4. Wind speed v (at a given location, height, and direc-
tion) follows a Weibull distribution pvðv; k; cÞ ¼ k=cðv=cÞk�1e�ðv=cÞk ,
where k is the shape parameter, c is the scale parameter, and pv(.)
is the probability density function. Note that Assumption 4 may
not hold for short-time horizons; however, a great number of sites
have shown Weibull distribution of the wind speed [8].

Assumption 5. At a given height, wind speed (a parameter of the
Weibull distribution function) v is a continuous function of the
wind direction q, i.e., k¼ k(q), c¼ c(q), 0� q< 360. In other words,
wind speeds at different locations with the same direction share
the same Weibull distribution across a wind farm. The parameter q

is also assumed to have a continuous probability distribution pq(q).
In a relatively flat terrain, Assumption 5 is a reasonable one.

Moreover, if the wind farm does not cover a wide range of terrain,
the wind speeds at a fixed direction should share a similar distri-
bution. Future research could consider the wind speed distribu-
tions changing with directions and locations.

Wind direction is an important parameter in this paper. Fig. 1
illustrates wind direction for a wind farm, where North is defined as
90� and East is defined as 0�. Though wind turbines may follow
different layout patterns, here it is assumed that all turbines are
placed within a circular boundary of a wind farm.

Assumption 6. Any two turbines in a wind farm are separated
from each other by at least 4 rotor diameters.

Ensuring sufficient spacing between adjacent turbines reduces
interactions, e.g., wind turbulence, thus diminishing the hazardous
loads on the turbine. Given the rotor radius R, any two wind
turbines located at (xi,yi) and (xj,yj) should satisfy the inequality
ðxi � xjÞ2 þ ðyi � yjÞ2 � 64 R2.

Assumption 6 is based on certain domain heuristics [8].
However, it can be replaced by more complex constraints. For
example, the minimum distance between two turbines can be
a function of the wind direction and its probability.

For a single wind turbine located at (x,y) and wind direction q,
the expected energy production is

EðP; qÞ ¼
ZN
0

f ðvÞpvðv; kðqÞ; cðqÞÞdv

¼
ZN
0

f ðvÞ kðqÞ
cðqÞ

�
v

cðqÞ

�kðqÞ�1

e�ðv=cðqÞÞkðqÞdv (2)

Integrating the expression in (2) for q in the range 0–360
provides the expected energy production of a single wind turbine
[6,8]

EðPÞ ¼
Z360

0

pqðqÞEðP; qÞdq

¼
Z360

0

pqðqÞdq

ZN
0

f ðvÞ kðqÞ
cðqÞ

�
v

cðqÞ

�kðqÞ�1

e�ðv=cðqÞÞkðqÞdv (3)

In this paper, optimizing E(P) is considered equivalent to opti-
mizing AEP as the number of operational hours is fixed. Note that in
Equation (3), the wind speed is integrated from 0 to infinity, which
is equivalent to integrating the wind speed from 0 to the cut-out
speed. Once the wind speed is greater than the cut-out speed,
a wind turbine is shut down for safety and it produces zero energy.

Model (4) represents an ideal scenario for maximizing the total
wind energy captured by turbines, where the interactions among
turbines are neglected, with r being the radius of the wind farm.
Note that the circular boundary of a wind farm can be easily
modified to a rectangular boundary.

max
PN

i¼1 EðPÞ

s:t:ðxiÞ2þðyiÞ2� r2; i ¼ 1.N�
xi � xj

�2þ
�

yi � yj

�2
� 64R2; i; j ¼ 1.N; isj

(4)

The major interactions among the turbines result in the energy
loss caused by the wind turbine wakes. A wind farm design for the
maximum of wind energy capture must minimize the wake effects
among turbines.
2.1. The wake loss model

Wake loss is an important factor in considering wind park layout
design [10]. When a uniform incoming wind encounters a wind
turbine, a linearly expanding wake behind the turbine occurs [5,6].
A portion of the free stream wind’s speed will be reduced from its
original speed vup to vdown. Fig. 2 illustrates the basic concept of
wake behind a wind turbine.
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Fig. 2. Wind turbine wake model.
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The velocity deficit is defined as the fractional reduction of free
stream wind speed in the wake of the turbine, and it is calculated
from equation (5).

Vel def ¼ 1� vdown=vup ¼
�

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� CT

p �.
ð1þ kd=RÞ2 (5)

where CT is the thrust coefficient of the turbine; k is the wake
spreading constant, and d is the distance behind the upstream
turbine following the wind direction.

Equation (5) can be simplified if CT and k are assumed to be
constant for all turbines [6].

Vel def ¼ 1� vdown=vup ¼
a

ð1þ bdÞ2
(6)

where a ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� CT

p
, b¼ k/R.

For any two turbines’ located at (xi,yi) and (xj,yj) in a wind farm,
Vel_defi,j is defined as the velocity deficit at turbine i in the wake of
turbine j. The wind direction is from j to i, di,j is the distance
between turbine j and i projected on the wind direction q.

Vel defi;j ¼
a�

1þ bdi;j
�2 (7)

When a turbine is affected by the wakes of multiple turbines, the
total velocity deficit is computed as (8).

Vel defi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

j¼1;jsi

Vel def 2
i;j

vuut (8)

where Vel_defi is the total wind speed deficit at turbine i. However,
for a given wind direction, not all turbines generate the wake effects
at turbine site i.

Given wind direction q, all wind turbines’ rotors are normally
positioned perpendicular to the wind direction. The wake behind
a turbine could be seen as a part of an imaginary cone. Fig. 3
illustrates a half cone formed by a turbine located at (x,y) and the
imaginary vertex A. Parameter að0 � a � p=2Þ is calculated as
arctan (k), and the distance between A and the rotor center point is
R/k.

Fig. 4 shows 5 turbines in a wind farm. If wind blows from the
West, turbine 2 is in the wake of turbine 1. Turbine 3 is in the wake
jT1T2
			!0AT1

		!
j

L
AT1
		! ¼ k

jðx2 � x1Þ
�

R
kcos q

�
þ ðy2 � y1Þ

�
R
ksin q

�
j

R
¼ jðx2 � x1Þco
of turbine 1 and turbine 4. Turbine 5 is not affected by the wake of
any other turbine.

Lemma 1. Given the wind direction q, any two wind turbines, i and
j located within the wind farm, the angle bi,j, 0� b�p, between the
vector, originating at turbine j’s cone vertex A to turbine i and the
vector, originating at A to turbine j,bi,j is calculated as

bi;j ¼ cos�1

8><
>:

�
xi � xj

�
cos qþ

�
yi � yj

�
sin qþ R=kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

xi � xj þ R
kcos q

�2þ
�

yi � yj þ R
ksin q

�2
r

9>=
>; (9)

Proof:
Consider wind direction q in Fig. 5, origin O, and any two

turbines i and j (without loss of generality, assume i¼ 1,j¼ 2) rep-
resented by vectors x1 and x2, located at T1 and T2, respectively. The
vector AT1

		!
originating at A to T1 (Turbine 1) should also have angle

q, and its length is L
AT1
	! ¼ R=k. Vector OA

	!
can be expressed as

OA
	!
¼ x1 � AT1

		!
. Thus vector AT2

		!
is AT2

		!
¼ x2 � OA

	!
¼

x2 � x1 þ AT1
		!

. If the angle b (0� b�p) between the vectors AT2
		!

and AT1
		!

is greater than a, T2 is not inside the cone;

b ¼ cos�1
�
ðAT2
		!
Þ0AT1
		!

L
AT2
	!L

AT1
	!

�
(10)

Substituting AT1
		!

¼ ðR=kcos q; R=ksin qÞ, AT2
		!

¼ ðx2 � x1þ
ðR=kÞcos q; y2 � y1 þ ðR=kÞsin qÞ into equation (10), b can be written
as the function of R; k; q and the turbines’ positions x1 and x2.

Let

bi;j ¼ bi;j

�
q; xi; yi; xj; yj

�
(11)

be the angle used to determine whether turbine i is in the cone of
turbine j given the wind direction q.

Lemma 2. If wind turbine i is inside the wake of turbine j, di,j is the
distance between turbine i and j projected on the wind direction q,
di;j ¼ jðxi � xjÞcos qþ ðyi � yjÞsin qj.

Proof:
The vector T1T2

			!
from T1 to T2 is calculated as x2� x1; thus the

projection length of T1T2
			!

on AT1
		!

is Thus di,j can be written as
s qþ ðy2 � y1Þsin qj (12)
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Fig. 3. An imaginary half cone of a wind turbine.
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di;j ¼



�xi � xj

�
cos qþ

�
yi � yj

�
sin q




 (13)

and equation (8) can be rewritten as

Vel defi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

j¼1; jsi; bi;j<a

Vel def 2
i;j

vuuut (14)

It is easy to observe that Vel_defi is a function of q and all turbine
locations. It is shown that only scaling parameter c of a Weibull
distribution will be affected by the wake loss [6], i.e.,

ciðqÞ ¼ cðqÞ � ð1� Vel defiÞ; i ¼ 1;.;N (15)

Thus equation (16) stands for the expected power production of
a single turbine.

EðPiÞ ¼
Z360

0

pqðqÞEðPi; qÞdq ¼
Z360

0

pqðqÞdq

�
ZN
0

f ðvÞkðqÞ
ciðqÞ

�
v

ciðqÞ

�kðqÞ�1

e�ðv=ciðqÞÞkð
qÞ

dv (16)

Although the wake loss model considered in this paper is rather
simple, other complex wake loss models [3,7] can be incorporated into
the proposed optimization approach. Once the wake loss can be
North, 90 degrees

Turbine 1

Wind direction

Turbine 4

Turbine 5

Fig. 4. Turbines affected by th
calculated based on wind turbine locations, the power curve function
needs be determined for estimation of the expected power production.

3. Power curve

Though a power curve P¼ f(v)usually resembles a sigmoid
function, it could be described as a linear function with a tolerable
error. For example, model (17) illustrates a linear power curve
function, where vcut�in is the cut-in wind speed. If the wind speed is
smaller than the cut-in speed, there is no power output because the
torque is not sufficient enough to turn the generator. Similarly, if
the wind speed is greater than the rated speed and smaller than the
cut-out speed vcut�out, the wind turbine control system will keep
the power output stable (fixed at Prated) to protect the system from
hazardous loads. When the wind speed is between the cut-in and
rated speed, the power output follows a linear equation, where l is
the slope parameter, and h is the intercept parameter. In future
research, the linear power curve function could be replaced by
a more accurate nonlinear approximation.

f ðvÞ ¼

8<
:

0; v < vcut�in
lvþ h; vcut�in � v � vrated
Prated; vcut�out > v > vrated

(17)

Using the linear power curve function of equation (17) in

equation (16),
RN

0 f ðvÞ ðkðqÞ=ciðqÞÞ ðv=ciðqÞÞkðqÞ�1e�ðv=ciðqÞÞkðqÞdv breaks

into three parts: l
R vrated

vcut in
vðkðqÞ=ciðqÞÞ ðv=ciðqÞÞkðqÞ�1e�ðv=ciðqÞÞkðqÞdv,

h
R vrated

vcut in
ðkðqÞ=ciðqÞÞ ðv=ciðqÞÞkðqÞ�1e�ðv=ciðqÞÞkðqÞdv and Prated

RN
vrated
ðkðqÞ=

ciðqÞÞ ðv=ciðqÞÞkðqÞ�1e�ðv=ciðqÞÞkðqÞdv which can be simplified further.

Prated
RN

vrated
ðkðqÞ=ciðqÞÞ ðv=ciðqÞÞkðqÞ�1e�ðv=ciðqÞÞkðqÞdv can be written

as Pratedð1� Prðv � vratedÞÞ, which is equal to Prated e�ðvrated=ciðqÞÞkðqÞ .

h
R vrated

vcut in
ðkðqÞ=ciðqÞÞ ðv=ciðqÞÞkðqÞ�1e�ðv=ciðqÞÞkðqÞdv can be written as

hðe�ðvcut�in=ciðqÞÞkðqÞ � e�ðvrated=ciðqÞÞkðqÞ Þ.
It is difficult to obtain an analytical form of the exp-

ression
R vrated

vcut in
vðkðqÞ=ciðqÞÞ ðv=ciðqÞÞkðqÞ�1e�ðv=ciðqÞÞkðqÞdv ¼

R vrated
vcut in

vdð1� e�ðv=ciðqÞÞkðqÞ Þ.
East, 0 degree

Turbine 2

Turbine 3

e wake of other turbines.
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However, if the wind speed is discretized into small bins, the
integration can be approximated with the Riemann sum [11]. Later
in the paper, the wind speed and its direction are discretized so that
numerical integration can be performed. It needs to be noted that
continuous wind characteristics are not available in the design of
wind farms.
4. Discretization of wind speed and wind direction

Assume the wind direction is discretized into Nqþ 1 bins of
equal width; let q1; q2;.; qNq

be the dividing points of wind
direction with 0

�
< q1� q2�.� qNq

<360
�
; q0 ¼ 0

�
;qNqþ1 ¼ 360

�
:

Each bin is associated with a relative frequency 0�ui�1;
i ¼ 0;.;Nq. For example u0 is the frequency of bin [0�,q1], uNq

is the
frequency of bin ½qNq

;360
� �. The frequency ui can be easily esti-

mated from the wind data.
Wind speed is also discretized into Nvþ 1 bins; let v1; v2; v3;.; vNv

be the dividing points of wind speed with vcut�in < v1 � v2
� v3 �. � vNv

< vrated; v0 ¼ vcut�in; vNvþ1 ¼ vrated:R vrated
vcut in

vðkðqÞ=ciðqÞÞ ðv=ciðqÞÞkðqÞ�1 e�ðv=ciðqÞÞkðqÞdv can be approximated

as
PNvþ1

j¼1 fe
�ðvj�1=ciðqÞÞkðqÞ � e�ðvj=ciðqÞÞkðqÞ gððvj�1 þ vjÞ=2Þ, so EðPiÞ ¼R 360

0 pqðqÞ ðl
PNvþ1

j¼1 fðe
�ðvj�1=ciðqÞÞkðqÞ � e�ðvj=ciðqÞÞkðqÞ Þvj�1 þ vj2Þ

�
þ Prated�

e�ðvrated=ciðqÞÞkðqÞ Þdqþ
R 360

0 pqðqÞh ðe�ðvcut�in=ciðqÞÞkðqÞ � e�ðvrated=ciðqÞÞkðqÞ Þdq.

For further simplification,

EðPiÞ ¼ l
XNvþ1

j¼1

�
vj�1 þ vj

2

� Z360

0

pqðqÞ
n

e�ðvj�1=ciðqÞÞkðqÞ

� e�ðvj=ciðqÞÞkðqÞ
o

dqþ Prated

Z360

0

pqðqÞ e�ðvrated=ciðqÞÞkð
qÞ

dq

þ h

Z360

0

pqðqÞ
�

e�ðvcut�in=ciðqÞÞkð
qÞ
� e�ðvrated=ciðqÞÞkð

qÞ�
dq

Prated
R 360

0 pqðqÞ e�ðvrated=ciðqÞÞkðqÞdq can be approximated as PratedPNqþ1
l¼1 fðql�ql�1Þpqððqlþql�1Þ=2Þe�ðvrated=ciðqlþql�1=2ÞÞkððqlþql�1Þ=2Þ

g;where
pqððqlþql�1Þ=2Þ can be approximated as ul�1, which results in

Prated
PNqþ1

l¼1 fðql�ql�1Þul�1 e�ðvrated=ciððqlþql�1Þ=2ÞÞkððqlþql�1 Þ=2Þ
g.

SimilarlyR 360
0 pqðqÞfe�ðvj�1=ciðqÞÞkðqÞ � e�ðvj=ciðqÞÞkðqÞ dqg can be calculated as
XNqþ1

l¼1

n
ðql � ql�1Þul�1

n
e�ðvj�1=ciððqlþql�1Þ=2ÞÞkððqlþql�1Þ=2Þ

� e�ðvj=ciððqlþql�1Þ=2ÞÞkððqlþql�1Þ=2Þ
oo

:

Similarly h
R 360

0 pqðqÞ ðe�ðvcut�in=ciðqÞÞkðqÞ � e�ðvrated=ciðqÞÞkðqÞ Þdq can be
calculated as

h
XNqþ1

l¼1

(
ðql � ql�1Þul�1

 
e�
�

vcut�in=ci

�
qlþql�1

2

��k

�
qlþql�1

2

�

� e�
�

vrated=ci

�
qlþql�1

2

��k

�
qlþql�1

2

�!)

Therefore

EðPÞi¼ l
XNvþ1

j¼1

�
vj�1 þ vj

2

� XNqþ1

l¼1

(
ðql � ql�1Þul�1

(
e�
�

vj�1=ci

�
qlþql�1

2

��k

�
qlþql�1

2

�
� e�

�
vj=ci

�
qlþql�1

2

��k

�
qlþql�1

2

�))

þPrated

XNqþ1

l¼1

(
ðql � ql�1Þul�1e�

�
vrated=ci

�
qlþql�1

2

��k

�
qlþql�1

2

�)

þh
XNqþ1

l¼1

(
ðql � ql�1Þul�1

 
e�
�

vcut�in=ci

�
qlþql�1

2

��k

�
qlþql�1

2

�

�e�
�

vrated=ci

�
qlþql�1

2

��k

�
qlþql�1

2

�!)
(18)

Substituting equation (18) into model (4) makes it is easy to
solve the resultant optimization model. Once wind speed and wind
direction are discretized into small bins, ci(.) and k(.) can estimated
from the historical wind data. Discretization makes the calculation
of the expected power tractable. Though model (4) is a constrained
nonlinear optimization problem, considering nonlinear power
curves or more complex wake loss models, and additional
constraints would increase its complexity. Thus selecting a flexible
optimization algorithm is important. This model complexity
warrants the use of a population based search algorithm, such as
the evolutionary strategy algorithm.
5. Evolutionary strategy algorithm

The solution of model (4) can be encoded as a vector used by an
evolutionary strategy algorithm [14].

The general form of the jth individual in the evolutionary
strategy algorithm is defined as (zj,sj), where zj and sj are

two vectors with 2N entries, i.e., zj ¼ ðxj
1; y

j
1;.; xj

N ; y
j
NÞ

T ;

sj ¼ ðsj
1;x; s

j
1;y;.; sj

N;x; s
j
N;yÞ

T :

The pair ðxj
1; y

j
1Þ is the position of the first turbine, while

ðsj
1;x; s

j
1;yÞ is used to mutate the first turbine’s position. The pair

ðxj
N ; y

j
NÞ is the position of the Nth turbine andðsj

N;x; s
j
N;yÞ is used to

mutate the Nth turbine’s position.
Each element of sj is used as a standard deviation of a normal

distribution with zero mean. sj is used to mutate the solution zj.
The initial population sj (j¼ 1,.,mChild) is generated by

uniformly sampling from the range[slow,sup], where slow and sup

are the lower and upper bounds for the standard deviation vector.
In this paper, a multi-objective evolutionary algorithm is used as

a basic algorithm to solve a constrained optimization problem [2].



Table 1
Wind scenario 1.

l�1 ql�1 ql k c ul�1 l�1 ql�1 ql k c ul�1

0 0 15 2 13 0 12 180 195 2 13 0.01
1 15 30 2 13 0.01 13 195 210 2 13 0.01
2 30 45 2 13 0.01 14 210 225 2 13 0.01
3 45 60 2 13 0.01 15 225 240 2 13 0.01
4 60 75 2 13 0.01 16 240 255 2 13 0.01
5 75 90 2 13 0.2 17 255 270 2 13 0.01
6 90 105 2 13 0.6 18 270 285 2 13 0.01
7 105 120 2 13 0.01 19 285 300 2 13 0.01
8 120 135 2 13 0.01 20 300 315 2 13 0.01
9 135 150 2 13 0.01 21 315 330 2 13 0.01
10 150 165 2 13 0.01 22 330 345 2 13 0.01
11 165 180 2 13 0.01 23 345 360 2 13 0
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All the constraints are transformed to formulate the second
objective function. To standardize the optimization problem, model
(4) is transformed into a minimization problem with two
objectives.

minfObj1;Obj2g

where Obj1 ¼ 1=
PN

i¼1 EðPiÞÞ and

Obj2 ¼
XN

i¼1

maxf0; x2
i þ y2

i � r2g

þ
XN

i¼1

XN

j¼1;jsi

max
n

0;64R2 �
�
xi � xj

�2�
�

yi � yj

�2o
:

Minimizing Obj1equals maximizing the expected energy output.
The minimum of Obj2 is zero, which means all constraints are
satisfied. To solve the double-objective optimization problem, an
evolutionary strategy algorithm, SPEA [14], is used. This algorithm
matches the complexity of the underlying problem.

5.1. The algorithm

1 Initialize three empty sets Parent, Offspring and Elite. Randomly
generate mChild individuals (solutions) to form the initial chil-
dren population and place them in Offspring.

2 Repeat until the stopping criterion is satisfied.
2.1 Find non-dominated solutions in Offspring and copy them into

Elite. Remove dominated solutions in Elite. Reduce the size of
Elite by clustering, if necessary.

2.2 Fitness assignment: Assign fitness to individuals in Offspring
and Elite.

2.3 Selection: use tournament selection to select mParent individuals
from OffspringWElite and store them in Parent.

2.4 Recombination: Generate a new population Offspring by
selecting two parents in Parent.

2.5 Mutation: Mutate the individuals in Offspring.
2.6 Assign fitness to the individuals in Offspring.

The stopping criterion in this paper is the number of
generations.

5.2. Mutation

An individual (zj,sj) can be mutated by following the equations
(19) and (20), with sj mutated first, zj mutated next.

sj ¼ sj$
�

eNð0;s0ÞþN1;xð0;sÞ; eNð0;s0ÞþN1;yð0;sÞ;. eNð0;s0ÞþNN;xð0;sÞ;

eNð0;s0ÞþNN;yð0;sÞ
�

ð19Þ

where Nð0; s0Þ is a random number drawn from normal distribution
with 0 mean and standard deviation s0; Ni,x(0,s)and Ni,y(0,s)
(i¼ 1.N) are two random numbers drawn from normal distribu-
tion with a mean of 0 and standard deviation s; Ni,x(0,s) is generated
specifically for si

i;x; Ni,y(0,s) is generated specifically for si
i;y, while

N(0,s0) is for all entries; and ‘‘$’’ denotes the Hadamard matrix
product [16].

The new solution is generated from equation (20).

zj ¼ zj þ N
�

0;sj
�

(20)

where N(0,sj) is a vector of the same size as zj. Each element of
N(0,sj) is generated from a normal distribution with a mean of
0 and the corresponding standard deviation in vector sj.
5.3. Selection and recombination of parents

To generate mChild children, two parents are selected from the
parent population and recombined mChild times. Assume each time
two parents are selected randomly to produce one child by using
equation (21):0
BB@

P
j˛SeletedParents

zj

2
;

P
j˛SeletedParents

sj

2

1
CCA (21)

SelectedParents is a set consisting of the two indices of the
randomly selected parents.
5.4. Tournament selection

Tournament selection [15] with replacement is used in this
paper to select out promising individuals going into the next
generation based on their fitness values. The tournament size is
a predefined parameter to control the selection pressure.
6. Computational study

To illustrate the concepts presented in this paper, numerical
examples and an industrial case study are presented. The wind
turbines used in this paper have the following parameters: rotor
radius is 38.5 (m); cut-in speed is 3.5 (m/s); rated speed is 14 (m/s);
rated power is 1500 (kW). For the linear power curve function,
l¼ 140.86, h¼�500. Hub height is 80 (m). The thrust coefficient CT

is assumed to be 0.8, the spreading constant k is assumed to be
0.075 for land cases.

Knowing the cut-in wind speed and the rated wind speed, wind
speed is divided at Nv¼ 20 intervals of 0.5 (m) each. Similarly, the
wind direction is divided at Nq¼ 23 intervals of 15� each.

Some of the parameters of the evolutionary algorithm used in
this paper are fixed throughout all experiments. The tournament
size is fixed at 4. Initial population zj is generated by uniformly
sampling from [�r,r]. During the optimization process, all solutions
are checked for non-violation of the interval constraint. Similarly sj

is limited to [slow,sup] set at [1,r/20]. In other words, the minimum
standard deviation for mutating the solution is set at 1 (m); the
maximum standard deviation is heuristically set at 1/20of the farm
radius, and it increases with the farm radius. Based on the heuristic
knowledge [15], s0 is calculated as s0 ¼ 1=

ffiffiffiffiffiffiffi
4N
p

, s is calculated as
s ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffiffiffiffiffi
2N
pp

. The number of generations in this paper is set
to 100.



Fig. 7. Initial population and the population at the 100th generation.

Fig. 6. Layout solutions for different number of turbines given the wind characteristics in Table 1.
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6.1. Wind scenario 1

The illustrative example used in this paper assumes that the
farm radius r¼ 500 (m); the wind characteristic of this example
is described in Table 1, which was obtained from analyzing
historical wind data. The data in Table 1 can be read as follows:
when wind direction is between 0� and 15�, the wind speed
follows a Weibull distribution with k¼ 2, c¼ 13; the probability
for wind blowing between 0� and 15� is zero. Similarly, when
wind direction is between 90� and 105�, the wind speed follows
a Weibull distribution with k¼ 2, c¼ 13; the probability for
wind blowing between 90� and 105� is 0.6. Table 1 shows that
wind blows predominantly from 75� to 105� with a probability
of 0.8.

To illustrate the algorithm’s ability to optimize the wind farm
layout, different numbers of turbines (2–6 turbines) are considered.
Fig. 6 shows the optimal layout solutions for different numbers of
turbines. The optimal solutions are obtained through mParent/
mChild¼ 20/120, for 100 generations. During the optimization
process, the Elite set size is limited to 50. When there are more than
50 individuals in the Elite set, a clustering procedure is activated to
delete individuals with the same objective function values or
similar geometric positions.

Based on Fig. 6, for two turbines to be placed within the farm
radius, the algorithm places the two turbines on the boundary of
the circle. The line connecting the two turbines appears to be
perpendicular to the major wind direction (90�–105�). When there
are three turbines to be placed, the algorithm positions the two
turbines (lower part of Fig. 6) across the major wind direction, and
attempts to locate the third turbine as far as possible from the other
two turbines, and to keep it from the wakes of the other two
turbines given the major wind direction.
As shown in Fig. 6, when there are 4, 5 or 6 turbines to be
located, the algorithm selects the locations, avoiding the wake
losses under the major wind directions.

Fig. 7 shows the initial population and the population at the
100th generation for the 6 turbines. It is easy to see that the algo-
rithm converges as the number of generations increases. However,
100 generations are enough to converge for the data used in this
example.



Fig. 8. Six layouts of turbines generated by using another initial population size.
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For a large number of turbines, the search space expands due
the increased number of individuals in the ES algorithm. Thus
increasing the initial population size seems to be a viable way to
search for optimal solutions. Fig. 8 shows two optimal solutions
generated with different population sizes. The triangle shapes
indicate the locations generated when mParent/mChild¼ 20/120. The
square shapes show the locations generated when mParent/
mChild¼ 200/1200. Using mParent/mChild¼ 20/120, the algorithm can
find Obj1¼1.1939�10�5. Using mParent/mChild¼ 200/1200, the algo-
rithm finds Obj1¼1.1937�10�5, which is a better value than in the
case of a smaller initial population.

Note that increasing the population size leads to better quality
solutions. It is worth mentioning that the tournament size should
also be modified when the population size changes.
Table 2
Wind scenario 2.

l�1 ql�1 ql k c ul�1 l�1 ql�1 ql k c ul�1

0 0 15 2 7 0.0002 12 180 195 2 10 0.1839
1 15 30 2 5 0.008 13 195 210 2 8.5 0.1115
2 30 45 2 5 0.0227 14 210 225 2 8.5 0.0765
3 45 60 2 5 0.0242 15 225 240 2 6.5 0.008
4 60 75 2 5 0.0225 16 240 255 2 4.6 0.0051
5 75 90 2 4 0.0339 17 255 270 2 2.6 0.0019
6 90 105 2 5 0.0423 18 270 285 2 8 0.0012
7 105 120 2 6 0.029 19 285 300 2 5 0.001
8 120 135 2 7 0.0617 20 300 315 2 6.4 0.0017
9 135 150 2 7 0.0813 21 315 330 2 5.2 0.0031
10 150 165 2 8 0.0994 22 330 345 2 4.5 0.0097
11 165 180 2 9.5 0.1394 23 345 360 2 3.9 0.0317
6.2. Wind scenario 2

Table 2 shows the wind data collected from an industrial wind
farm. For this wind farm, the wind blows predominantly from
120� to 225�, which is a wider direction spectrum than that of
wind scenario 1. Wind scenario 1 is easier to see whether the
optimization results make sense in terms of minimizing wake
loss.

Fig. 9 shows the optimal layout solutions for different
numbers of turbines (2–6). In this wind scenario 2, wind farm
radius is still assumed to be 500 (m). All the solutions are
generated with mParent/mChild¼ 20/120, for 100 generations. The
line connecting the two turbines pretends to be perpendicular
to the major wind direction (120�–225�). When there are three
turbines to be placed, the algorithm positions the two turbines
across the major wind direction, and attempts to locate the
third turbine as far as possible from the other two turbines,
while minimizing the wake loss generated by the third turbine
from the major wind directions. As in Fig. 9, when there are 4, 5
or 6 turbines to be located, the algorithm selects the locations,
avoiding the wake losses under the major wind directions.

Note that when the wind direction displays a wide range, it is
almost impossible for human heuristics to derive an optimal solu-
tion. In this case, a wind farm layout optimization tool is necessary
for designing turbine locations.
6.3. Wake loss

If it is assumed that there is no wake loss, the expected power
can be calculated from equation (22) by substituting ci(.) with c(.) in
equation (18). In this scenario, optimal turbine locations only need
to satisfy the distance constraints.



Fig. 9. Layout solutions for different numbers of turbines under the wind characteristics in Table 2.
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(22)

Thus equation (22) can be regarded as the ideal scenario where the
maximum expected energy production from a wind turbine can be
achieved. For a given number of turbines, equation (22) can be used
to calculate the ideal energy production for a wind farm without
considering wake loss.

Once the wake loss is considered, adding additional turbines to
the wind farm may cause energy loss. Tables 3 and 4 are generated
based on the two different wind scenarios, 1 and 2.
Table 3
Optimized vs. ideal energy production and wake loss for different numbers of
turbines under wind scenario 1.

No. of turbines Optimized (kW) Ideal (kW) Wake loss (kW)

2 28083.42 28091.47 8.05
3 42101.06 42137.21 36.15
4 56057.77 56182.95 125.18
5 69922.97 70228.69 305.72
6 83758.79 84274.42 515.63
The data in Table 3 is read as: when there are two turbines to be
placed in a wind farm, the optimized solution generated by the
evolutionary algorithm provides 28083.42 kW of expected energy
production (note that the yearly production is not computed). If
there is no wake loss, the ideal energy production is 28091.47 kW;
the potential wake loss under this layout solution is calculated by
using 28091.47� 28083.42¼ 8.05. Tables 3 and 4 show that as the
number of turbines increases, the wake loss increases.

Fig. 10 shows that for two different wind scenarios, the wake
loss of wind scenario 1 is similar to the wake loss of wind scenario 2
when the number of turbines is 2–5. When the number of turbines
is 6, the wake loss of wind scenario 2 is significantly higher than
that of wind scenario 1. The reason is obvious, as wind scenario 2
includes a wider range of wind directions with a certain probability.
However, in wind scenario 1, the wind direction is limited to
75�–105�; other wind directions have almost zero probability,
which makes it easier to place turbines and avoid wake loss.

Based on Fig. 10, for a given wind farm radius, it is obvious that
there should be some limit on the number of turbines to be placed
on a farm. Locating too many turbines will significantly increase
wake loss. Based on the constraints listed in model (4), placing 7
turbines within a wind farm of a 500-m radius is not possible. The
Table 4
Optimized vs. ideal energy production and wake loss for different numbers of
turbines under wind scenario 2.

No. of turbines Optimized (kW) Ideal (kW) Wake loss (kW)

2 14631.21 14631.37 0.16
3 21925.16 21947.06 21.90
4 29113.71 29262.74 149.03
5 36316.23 36578.43 262.20
6 43195.84 43894.11 698.27



Fig. 10. Wake loss due to the turbines added to the wind farm.
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evolutionary algorithm does not generate a feasible solution when
the number of turbines is 7. The minimum distance between two
turbines is violated.

7. Conclusion

A generic model for optimizing in-land wind farm layout was
presented. The optimization model considered wind farm radius
and turbine distance constraints. However, other constraints can be
easily incorporated in this model. The model maximizes the energy
production by placing wind turbines in such a way that the wake
loss is minimized.

As the optimization model is nonlinear, and it is hard to derive
an analytical solution from the integration part, wind speed and
wind direction are discretized into small bins so that the integra-
tion can be approximated with discrete summations.

A bi-objective evolutionary strategy algorithm was adopted to
solve the constrained nonlinear optimization problem. Both the
expected energy production and the constraint violation were
optimized. The optimal solution maximized energy production
while satisfying all constraints.

Although the wake loss model considered in this paper is
a simple one, more complex wake loss models can be considered in
the optimization approach discussed in the paper. The complex
nonlinear model was solved by the evolutionary strategy algorithm.
Although a global optimal solution is not guaranteed, the quality of
the generated solutions is acceptable for industrial applications.

Future research can focus on considering different terrains, e.g.,
the terrain height information could be incorporated into the
model. Furthermore, wind turbine parameter selection could be
considered based on the wind farm wind characteristics. For
example, for a low wind speed area, there is no need to select large
turbines with a high cut-in speed. In other words, it is desirable to
maximize the wind turbine capacity utilization factor subject to
investment and operational constraints.
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